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Abstract
This paper investigates the circular restricted four-body problem in which three primaries are taken
as triaxial rigid body which are placed at the vertices of an equilateral triangle and the fourth infinitesimal body is varying its mass with time. We used the Jeans law to determine equations of
motion and then evaluated the Jacobi integral. In the next section, we have performed the computational work to draw the graphs of the equilibrium points in different planes, zero velocity
curves, surfaces and the Newton-Raphson basins of attraction with the variations of the triaxiality
parameters. Finally, we have examined the linear stability of the equilibrium points with the help
of Meshcherskii space-time inverse transformation and found that all the equilibrium points are
unstable.

Keywords: Circular Restricted Problem; Equilateral Triangle; Triaxial Body; Variable Mass;
Zero-velocity Curves; Surfaces; Basins of Attraction
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1. Introduction
The restricted four-body problem is an interesting and attracting problem for scientists in the space
dynamics since many decades. In these four bodies, one body is taken very small known as infinitesimal body and the rest three bodies are primaries. The infinitesimal body is moving in the
gravitational forces of these three primaries but it is not influencing them. There are two types
818
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of configurations. Firstly, the Eularian configuration in which the three primaries are placed in a
straight line. Secondly, the Lagrangian configuration in which the three primaries are placed at the
vertices of an equilateral triangle. This configuration is also known as equilateral triangular configuration or central configuration since the accelerations of the primaries are proportional to the
corresponding radius vectors. A simplest example of the restricted four-body problem can be seen
in the Sun-Earth-Moon-Spacecraft System.
Many scientists have studied the restricted problem with different perturbations as shapes of the
bodies (oblate as well as triaxial), resonance, variable mass of the primaries as well as infinitesimal
body, Coriolis and centrifugal forces, Pointing-Robertson drag, solar radiation pressure and albedo
effects etc. Simo (1978) investigated the linear stability of the relative lagrangian solutions in
the four-body problem. Hadjidemetriou (1980) studied the periodic orbits of fourth body in the
restricted four-body problem with respect to rotating frame. Kalvouridis et al. (1995, 1997, 2006)
investigated the equilibrium points and stability in the restricted four-body problem under the effect
of oblateness and radiation pressure. And also performed the zero-velocity surface and curves.
Baltagiannis et al. (2011) shown that equilibrium points depend on the mass of the primaries in the
restricted four-body problem. Papadauris et al. (2013, 2014) investigated the existence, locations,
stability and periodic orbits of the equilibrium points in and out of the orbital plane in the photogravitational circular restricted four-body problem. Kumari et al. (2013) analyzed the motion of an
infinitesimal mass in the restricted four-body problem with solar wind drag and drawn the zerovelocity surfaces. And also they have examined the stability with the help of Poincaré surface of
section and Lyapunov characteristic exponent.
Abdullah (2014) studied the periodic orbits in the restricted four-body problem around lagrangian
points in three cases. In the first case, he has considered all three primaries as spherical in shape.
In the second case, he has taken one of the three primaries as an oblate body. And in the third and
last case, he has taken two of the primaries as oblate body and all the three primaries are source of
radiation pressure. Papadakis (2016) performed the 21 families of simple 3D symmetric periodic
orbits as well as the typical orbits of all symmetry type 3D orbits in the circular restricted four-body
problem. After examined the stability, he illustrated the characteristic curves and stability diagrams
of families of 3D periodic orbits. Asique et al. (2015 (a, b), 2016, 2017) studied the restricted
four-body problem with different shapes of the primaries with solar radiation pressure. They have
placed one of the primaries at the lagrangian points of the classical restricted three-body problem.
They have illustrated the equilibrium points and zero-velocity curves for these models. Singh et
al. (2016 (a, b)) investigated in and out of plane equilibrium points in the circular restricted fourbody problem with the effect of solar radiation pressure. Suraj et al. (2017) have studied the planar
equilateral restricted four-body problem with the effect of triaxial parameters. And illustrated the
libration points, zero-velocity curves, zero-velocity surfaces with projections and Newton-Raphson
basins of attraction of the problem.
Many scientists have investigated on these models with variable masses, such as Jeans (1928),
Meshcherskii (1952), Shrivastava (1983), Lichtenegger (1984), Singh (1984, 1985, 2003, 2010,
2013), Lukyanov (2009), Zhang (2012), Abouelmagd (2015), Mittal (2016), Ansari (2016 (a, b,
c), 2017 (a, b), 2018), etc. Also, many scientists have explained the basins of attraction in these
models as Douskos (2010), Kumari (2014), Ansari (2016 (c), 2017 (a, b), Zotos (2016 (a, b, c),
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Figure 1. Geometric configuration of the problem.

2017, 2018), etc.
After reviewing the literature, we have decided to study the motion of the infinitesimal variable
body in the frame of the circular restricted four-body problem in which three primaries are taken as
equal triaxial. We have explored the problem in various sections. In the statement of the problem
and equations of motion section, we have derived the equations of motion of the infinitesimal
variable mass under the triaxial primaries having equal masses and also determined the JacobiIntegral. In the numerical analysis section, we have plotted the equilibrium points in different three
planes, the zero-velocity curves, surfaces and the Newton-Raphson basins of attraction through
Mathematica software. In the stability section, we have examined the stability of the equilibrium
points under the effect of triaxiality parameters and variation of mass parameter. Finally, we have
concluded the problem.

2. Statement of the problem and equations of motion
Let there be three triaxial primaries of equal masses (m1 = m2 = m3 ), placed at the vertices
of an equilateral triangle ABC and moving in the circular orbits around their common center of
mass which is taken as origin O, in the same plane. Let the coordinates of A, B, C and P be
(ξi , ηi , 0), (i = 1, 2, 3) and (ξ, η, ζ) respectively in synodic coordinate system and AB = l. The
fourth variable mass m(t) is moving in the space under the influence of these three primaries but
not influencing them (Figure 1).
Following the procedure given by Mittal (2016) and Suraj (2017) and taking the unit of mass, length
and time such that m1 + m2 + m3 = 1, l = 1 and G = 1, respectively and also the angular velocity
ω = 1 (Pandey 2016), we can write the equations of motion of the infinitesimal variable mass in
the synodic coordinate system when the variation of mass is non-isotropic and originates from one
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point as
 ṁ(t)
˙
¨


m(t) (ξ − η) + (ξ − 2η̇) = Ωξ ,





ṁ(t)
˙
m(t) (η̇ + ξ) + (η̈ + 2ξ) = Ωη ,






ṁ(t)

ζ̇ + ζ̈ = Ω ,

(1)

ζ

m(t)

where

3
X

(λ1 + λ2 ) (λ1 (η − ηi )2 + λ2 ζ 2 )
1

 Ω = 1 (ξ 2 + η 2 ) +
+
[
−
],

2

3ri
6ri3
2ri5


i=1












ri2 = (ξ − ξi )2 + (η − ηi )2 + ζ 2 ,
λ1 =

(a2 −b2 )
5l2 , λ2

=

(2)

(a2 −c2 )
5l2 .

Here dot represents differentiation with respect to time. Also λ1 , λ2 are triaxiality parameters and
a, b, c are semi-axes of triaxial rigid bodies.
We will use Jean’s law for the variable infinitesimal body as
dm
= −λ3 mn ,
dt

(3)

where λ3 is constant and the value of exponent n is within the limit 0.4 6 n 6 4.4 (for the stars).
For a rocket, n = 1, and the mass of the rocket varies exponentially as m = m0 e−λ3 t , m0 is the initial
mass.
By using the space time transformations
α = q ξ, β = q η, γ = q ζ, dΓ = k dt, ρi = q ri , (i = 1, 2, 3),

where  =

m
m0 .

The equations of motion (1), under the assumptions q = 12 , k = 0, n = 1 become


 α̈ − 2β̇ = ψα ,
β̈ + 2α̇ = ψβ ,

 γ̈ = ψ ,
γ
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where


ψ






















ρ2i











(α1 , β1 )









(α , β )
3 3

= 21 (α2 + β 2 ) +

+

λ23
2
8 (α

+ β2 + γ2)

3
X
3/2 5/2 (λ1 + λ2 ) 5/2 (λ1 (β − βi )2 + λ2 γ 2 )
−
],
[
+
3ρi
6ρ3i
2ρ5i
i=1

= (α − αi )2 + (β − βi )2 + γ 2 ,

(5)

√ , λ ),
= ( √λ3 , 0), (α2 , β2 ) = ( 2−λ
3 2
√ , −λ ), λ = 1 + 1 (λ1 + λ2 ).
= ( 2−λ
4
3 2

From Equation (4), we can evaluate the Jacobian integral as
α̇2 + β̇ 2 + γ̇ 2 = 2ψ − C,

(6)

where C is the Jacobi Integral constant which is conserved and related to the total energy of the
system. The curve for a given values of the energy integral is restricted in its motion to regions in
which C > 2ψ(α, β), and all other regions are prohibited to the fourth infinitesimal body i.e., the
velocities will be zero in these regions.

3. Numerical Analysis
We have examined the effect of triaxiality on equilibrium points, zero-velocity curves, surfaces and
basins of attraction by plotting their graphs numerically. (in all the calculations λ3 = 0.2,  = 0.1.)
3.1. Equilibrium points
The solutions of right hand side of Equation (4) will be the location of equilibrium points. We have
examined the effect of triaxiality on collinear equilibrium points(α 6= 0, β = 0, γ = 0) (Figure 2,
Figure 3), non-collinear equilibrium points (α 6= 0, β 6= 0, γ = 0) (Figure 4, Figure 5) and out-of
plane equilibrium points ((α 6= 0, β = 0, γ 6= 0) and (α = 0, β 6= 0, γ 6= 0)) (Figure 6, Figure 7,
Figure 8, Figure 9). At the equilibrium points, all the derivatives of the co-ordinates with respect
to the time will be zero i.e., velocities and accelerations will be zero. We have

 ψα = 0, (a)
ψ = 0, (b)
 β
ψγ = 0. (c)

(7)

3.1.1. Collinear equilibrium points
The collinear equilibrium points are the solutions of the Equations (7a) when β = 0 and γ = 0
and it will lie on the α−axis. We obtained only two collinear equilibrium points when all the three
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(c)

Figure 2. (a):
Locations
of
collinear
equilibrium
points
at
the
values
of
triaxiality parameter λ1 (= 0.05(Green), 0.1(Red), 0.15(Blue), 0.2(M agenta), 0.3(Black)) and λ2 = 0.25,
(b, c): The zoomed part of figure (a) near L1 and L2 respectively.

(a)

(b)

(c)

Figure 3. (a): Locations of collinear equilibrium points at the values of triaxiality parameter λ1 = 0.25 and λ2 (=
0.05(Green), 0.1(Red), 0.15(Blue), 0.2(M agenta), 0.3(Black)), (b, c): The zoomed part of figure (a)
near L1 and L2 respectively.

primaries are triaxial rigid bodies with equal masses and mass of the infinitesimal body varies
with time. From the Figures (2a, 3a), there are two collinear equilibrium points L1 and L2 . We
also observed that as we increase the values of triaxiality parameter λ1 (= 0.05, 0.1, 0.15, 0.2, 0.3) by
keeping λ2 = 0.25, both the equilibrium points L1 (Figure 2b) and L2 (Figure 2c) move away from
the origin. And also we observed the same phenomenon when we increase the values of triaxiality
parameter λ2 (= 0.05, 0.1, 0.15, 0.2, 0.3) by keeping λ1 = 0.25 (Figure 3). We have given some values
of equilibrium points in the Tables 1 and 2.

3.1.2. Non-Collinear equilibrium points
Non-collinear equilibrium points are the solutions of Equations (7a) and (7b). In the case when
all the primaries have equal mass i.e. m1 = m2 = m3 = 13 , and are triaxial in shape and also
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Table 1. Coordinates of Collinear and Non-collinear equilibrium points when the primaries are triaxial rigid body with
equal mass (λ2 = 0.25).
λ1
0.05
0.10
0.15
0.20
0.30

L1
(-0.110557, 0)
(-0.111210, 0)
(-0.112202, 0)
(-0.113270, 0)
(-0.115477, 0)

L2
(0.444717, 0)
(0.450360, 0)
(0.455742, 0)
(0.460906, 0)
(0.470703, 0)

L3
–
–
(0.220206, 0.089374)
(0.190086, 0.130063)
(0.169659, 0.127267)

L4
–
–
(0.220206, -0.089374)
(0.190086, -0.130063)
(0.169659, -0.127267)

Table 2. Coordinates of Collinear and Non-collinear equilibrium points when the primaries are triaxial rigid body with
equal mass (λ1 = 0.25).
λ2
0.05
0.10
0.15
0.20
0.30

L1
(-0.100716, 0)
(-0.104147, 0)
(-0.107567, 0)
(-0.113270, 0)
(-0.117740, 0)

L2
(0.425624, 0)
(0.436244, 0)
(0.446443, 0)
(0.456303, 0)
(0.475232, 0)

L3
(0.133097, 0.102523)
(0.142178, 0.109269)
(0.152138, 0.116128)
(0.163245, 0.122934)
(0.190899, 0.134455)

L4
(0.133097, -0.102523)
(0.142178, -0.109269)
(0.152138, -0.116128)
(0.163245, -0.122934)
(0.190899, -0.134455)

the mass of the infinitesimal body varies with time, we got at most four equilibrium points. As
increase the value of the triaxial parameter λ1 (= 0.05, 0.1, 0.15, 0.2, 0.3) and λ2 = 0.25, there exist
at most four equilibrium points (L1 , L2 , L3 , L4 ). At λ1 = 0.05, 0.1, there exist only two equilibrium
points (L1 , L2 ) (Figure 4a, 4b) but at λ1 = 0.15, 0.2, 0.3, there exist four equilibrium points (L1 ,
L2 , L3 , L4 ) (Figure 4c). The Figure 4d is the zoomed part of the Figure 4c near L3 . We found
that as increase the value of λ1 (= 0.15, 0.2, 0.3) the equilibrium points L1,2 move away from primary m1 while the equilibrium points L3,4 move toward the primary m1 . And also as increase the
value of the λ2 (= 0.05, 0.1, 0.15, 0.2, 0.3) and λ1 = 0.25, there exist at most four equilibrium points
(L1 , L2 , L3 , L4 )(Figure 5a). The Figure 5b is the zoomed part of the Figure 5a near L3 . We found
that as increase the value of λ2 the equilibrium points L1,2 move away from m1 while the equilibrium points L3,4 move toward the primary m1 . In all the figures of this section, purple color points
and dotted lines represent the location of the primaries and equilateral triangle respectively.

3.1.3. Out-of-plane equilibrium points
During out-of-plane (i.e., α 6= 0, β = 0, γ 6= 0), there exist at most eight equilibrium points (L1 ,
L2 , L3 , L4 , L5 , L6 , L7 , L8 ) (Figure 6a). It is observed from Figure 6b that as increase the value of
the λ1 (= 0.05, 0.1, 0.15, 0.2, 0.3) and λ2 = 0.25, the equilibrium points L3,4 move toward primary
m1 but the equilibrium points L2 move away from primary m1 and the equilibrium points L5,6
move away from α−axis. And also as increase the value of the λ2 (= 0.05, 0.1, 0.15, 0.2, 0.3) and
λ1 = 0.25, there exist at most eight equilibrium points (L1 , L2 , L3 , L4 , L5 , L6 , L7 , L8 ) (Figure
7a). At λ2 = 0.05(Green), 0.1(Red), there exists six equilibrium points (Figure 7a, 7b), at λ2 =
0.15(Blue), 0.2(M agenta), 0.3(Black), there exists eight equilibrium points (Figure 7c). The Figure
7d is the zoomed part of the Figure 7c near the primary m1 . And observed that as increase the value
of λ2 , the equilibrium points L2,3,4 move away from origin while the equilibrium points L7,8 move
away from the primary m1 . On the other-hand, during out-of-plane (i.e., α = 0, β 6= 0, γ 6= 0), there
exist at most eleven equilibrium points (L1 , L2 , L3 , L4 , L5 , L6 , L7 , L8 , L9 , L10 , L11 ). Atλ1 = 0.05,
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(a)

(b)

(c)

(d)
Figure 4. Locations of non-collinear equilibrium points at the values of triaxiality parameter
λ1 (= 0.05(Green)(a), 0.1(Red)(b), 0.15(Blue)(c), 0.2(M agenta)(c), 0.3(Black)(c)) and λ2 = 0.25,
(d) The zoomed part of figure (c) near L3 . Purple color points represent the locations of the primaries and
dotted line represent the equilateral triangular configuration.

there exist eleven equilibrium points (Figure 8a) and at λ1 = 0.1, 0.15, 0.2, 0.3, there exist seven
equilibrium points (Figure 8b). The Figure 8c is the zoomed part of Figure 8b near the origin.
It is observed that the equilibrium point L2 is at origin and L1,3,4,5 move away from origin. And
also as increase the value of the λ2 (= 0.05, 0.1, 0.15, 0.2, 0.3) and λ1 = 0.25, there exist at most
seven equilibrium points (L1 , L2 , L3 , L4 , L5 , L6 , L7 ) (Figure 9a). The Figure 9b is the zoomed part
of Figure 9a near the origin. And observed that as increase the value of λ2 , the equilibrium point
L2 is fixed at origin while the equilibrium points L1,3,4,5 move away from origin.

3.2. Zero-velocity curves (ZVCs)
Equation (6) represents the Jacobi integral, where C is the Jacobi constant which is conserved. In
the four-body problem when all the primaries are triaxial rigid bodies, there exist 8, 10, 12, or 14
equilibrium points depending on triaxiality parameters of the primaries.
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(b)

(a)

Figure 5. (a): Locations of non-collinear equilibrium points at the values of triaxiality parameter λ1 = 0.25 and
λ2 (= 0.05(Green), 0.1(Red), 0.15(Blue), 0.2(M agenta), 0.3(Black)), (b): The zoomed part of figure
(a) near L3 . Purple color points represent the locations of the primaries and dotted line represent the equilateral triangular configuration.

(a)

(b)
Figure 6. (a): Locations of out-of-plane equilibrium points at the values of triaxiality parameter λ1 (=
0.05(Green), 0.1(Red), 0.15(Blue), 0.2(M agenta), 0.3(Black)) and λ2 = 0.25, (b): The zoomed part
of figure (a) near the primary m1 .

We found four equilibrium points when all the three triaxial bodies having equal mass and infinitesimal body varies its mass with time. We have plotted the zero-velocity curves for various value of
Jacobian constant C at the fixed value of λ1 = 0.3, λ2 = 0.25.
From Figure 10, we observed that as the value of Jacobian constant C decreases forbidden region
decreases. In the Figures 10a,b,c, pink color represent the forbidden regions and the infinitesimal
body can move freely in the white regions.
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(a)

(b)

(c)

(d)
Figure 7. Locations of out-of-plane equilibrium points at the values of triaxiality parameter λ1 = 0.25 and λ2 (=
0.05(Green)(a), 0.1(Red)(b), 0.15(Blue)(c), 0.2(M agenta)(c), 0.3(Black)(c)), (d): The zoomed part of
figure (c) near m1 .

3.3. Surfaces
Here, we have drawn the zero-velocity surfaces with projections and surfaces of motion of infinitesimal body under the effect of triaxiality parameters of the primaries and the variations of
mass parameter of the infinitesimal body.
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(a)

(b)
(c)
Figure 8. Locations of out-of-plane equilibrium points at the values of triaxiality parameter
λ1 (= 0.05(Green)(a), 0.1(Red)(b), 0.15(Blue)(b), 0.2(M agenta)(b), 0.3(Black)(b)) and λ2 = 0.25,
(c): The zoomed part of figure (b) near origin.

(b)

(a)

Figure 9. (a): Locations of out-of-plane equilibrium points at the values of triaxiality parameter λ1 = 0.25 and λ2 (=
0.05(Green), 0.1(Red), 0.15(Blue), 0.2(M agenta), 0.3(Black)), (b): The zoomed part of figure (a) near
origin.

3.3.1. Zero-velocity surfaces (ZVSs)
We have drawn the zero-velocity surfaces with projections at the fixed value of λ1 = 0.3, λ2 = 0.25.
The motion is possible only inside the shaded regions and observed that the triaxiality parameters
have great impact on the characteristics of the zero-velocity surfaces (Figure 11).
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(c)

Figure 10. Zero-velocity curves at various values of Jacobi constant(C = 0.4180589(a), C = 0.1311945(b), C =
−1.9399231(c)) and at the fixed value of λ1 = 0.3, λ2 = 0.25.

(a)

(b)

(c)

Figure 11. Zero-velocity surfaces with projections at various values of Jacobi constant(C = 0.4180589(a), C =
0.1311945(b), C = −1.9399231(c)) and at the fixed value of λ1 = 0.3, λ2 = 0.25.

3.3.2. Surfaces of motion of infinitesimal variable body
We have drawn the surfaces of motion of infinitesimal variable body under the effect of triaxiality
parameters (λ1 = 0.3, λ2 = 0.25.) and the variation of mass parameter (λ3 = 0.2) of infinitesimal body. We have plotted these surfaces Figure 11a, Figure 11b and Figure 11c by considering
Equations (7(a) and 7(b)), (7(a) and 7(c)) and (7(b) and 7(c)) respectively. Observe that all the
surfaces appear as two connecting balloons (left balloon is big and right one is small). The motion
is possible only in the shaded regions.

3.4. Newton-Raphson basins of attraction
We have studied the basins of attraction for the circular restricted four-body problem in which we
have taken all the primaries as triaxial rigid body and infinitesimal body varies its mass with time.
The basin of attraction or an attracting region composed by all the initial conditions that lead to a
specific equilibrium points. It is an issue of great importance to get the basins of attraction which
reflect some of the most important qualitative properties of the dynamical system. Using Newton-
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(a)

(b)

(c)

Figure 12. Surfaces of motion of infinitesimal variable body at the fixed value of λ1 = 0.3, λ2 = 0.25. (a): By considering equations 7(a) and 7(b), (b): By considering equations 7(a) and 7(c), (c): By considering equations
7(b) and 7(c).

Raphson iterative method which is very fast and simple, we have drawn the basins of attraction for
five values of the triaxiality parameters (λ1 = 0.05, 0.1, 0.15, 0.2, 0.3, λ2 = 0.25). The algorithm of
our problem is given by



ψα ψββ −ψβ ψαβ

α
=
α
−

n+1
n
ψαα ψββ −ψαβ ψβα (α ,β ) ,


n
n




−ψα ψβα

 βn+1 = βn − ψψααβ ψψαα
ββ −ψαβ ψβα

(αn ,βn )

(8)

,

where αn , βn are the values of α and β coordinates of the nth step of the Newton-Raphson iterative
process.
If the initial point converges rapidly to one of the equilibrium points then this point (α, β) will be a
member of the basin of attraction of the root. This process stops when the successive approximation
converges to an attractor. We used color code for the classification of the equilibrium points on the
(α, β)−plane.
In the first and second cases when λ1 = 0.05, 0.1, λ2 = 0.25 (Figure 13 a, b),the equilibrium points
L1 , L2 represent cyan color regions. The basins of attraction corresponding to the equilibrium point
L1 extend to infinity while corresponding to the equilibrium point L2 cover finite regions. In all the
other three cases when λ1 = 0.15, 0.2, 0.3, λ2 = 0.25 (Figure 13 c, d, e), the equilibrium points L1 , L2
represent cyan color region, L3 represents light blue color region, and L4 represents light green
color region. The basins of attraction corresponding to the equilibrium points L1 , L3 , L4 extend to
infinity but corresponding to equilibrium point L2 cover finite area. In this way a complete view of
the basin structures created by the attractors.
We can observe in detail from the zoomed part of all the figures in Figures 13 a’, b’, c’, d’, e’. The
red points and purple points in all the figures, denote the location of the equilibrium points and the
primaries respectively.
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(a)

(c)

(b)

(d)
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(e)

Figure 13. Newton-Raphson basins of attraction at the values of λ1 = 0.05(a), 0.1(b), 0.15(c), 0.2(d), 0.3(e), λ2 =
0.25.

4.

Stability of equilibrium points

In this section, we have examined the linear stability of the equilibrium points by giving the displacements ((u, v, w) << 1) to (α0 , β0 , γ0 ) as


 α = u + α0 ,
β = v + β0 ,

γ = w + γ ,
0

(9)

where (α0 , β0 , γ0 ) is the equilibrium point for a fixed value of time t. We can get the variational
equations from the equations (5) and (9) as

ü − 2v̇ = (ψαα )0 u + (ψαβ )0 v + (ψαγ )0 w,






v̈ + 2u̇ = (ψβα )0 u + (ψββ )0 v + (ψβγ )0 w,






ẅ
= (ψγα )0 u + (ψγβ )0 v + (ψγγ )0 w,

(10)

where the subscript ”0” in the system (10) represents the values at the equilibrium point (α0 , β0 , γ0 ).
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(a0 )

(c0 )

(b0 )

(d0 )

(e0 )

Figure 14. The zoomed part of figures (a), (b), (c), (d), (e) are the figures (a0 ), (b0 ), (c0 ), (d0 ), (e0 ) near the Lagrangian
configuration, respectively.

In the phase space, system (10) may be written as

u̇ = u1 ,
v̇ = v1 ,
ẇ = w1 ,





u
˙
−
2v
=
(ψ
)
u
+
(ψ
)
v
+
(ψαγ )0 w,
1
1
αα 0
αβ 0




v˙1 + 2u1 = (ψβα )0 u + (ψββ )0 v + (ψβγ )0 w,







w˙1
= (ψγα )0 u + (ψγβ )0 v + (ψγγ )0 w.

(11)

At λ3 = 0, the system (10) reduces to a system with constant mass. For λ3 > 0, we can not
determine the linear stability from ordinary method because the distances of the primaries to the
equilibrium point (α0 , β0 , γ0 ) varies with time. Therefore, we use the Meshcherskii space-time
inverse transformations.
Using the Meshcherskii inverse transformations and putting
x0 = −1/2 u, y 0 = −1/2 v, z 0 = −1/2 w, u0 = −1/2 u1 , v 0 = −1/2 v1 , w0 = −1/2 w1 ,

the system (11) can be written in the matrix form as follows:
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dx0
dt
dy 0
dt
dz 0
dt
du0
dt
dv 0
dt
dw0
dt


x0

 y0 

 

 z0 

 
 = A ×  0 ,

u 

 0

v 
w0




(12)
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where
λ3
2


1 0 0
λ3
 0
0 1 0 


2

 0
λ3
0
0
0
1


2
A=
.
 (ψαα )0 (ψαβ )0 (ψαγ )0 λ23 2 0 


 (ψβα )0 (ψββ )0 (ψβγ )0 −2 λ3 0 
2
(ψγα )0 (ψγβ )0 (ψγγ )0 0 0 λ23


0

0
0

As the positions of the primaries are fixed and their distances to the equilibrium points are invariable, the linear stability of (12) and (5) is consistent with each other. Thus, the linear stability
of this solution depends on the existence of stable region of the equilibrium point, which in turn
depends on the boundedness of the solution of linear and homogenous system of Equation (12).
The characteristic equation of the coefficient matrix A is
λ64 + a1 λ54 + a2 λ44 + a3 λ34 + a4 λ24 + a5 λ4 + a6 = 0,

(13)

where a1 = −3λ3 ,
a2 =

1
64 (256

a3 =

1
64 (128ψαβ

a4 =

1
64 (−64ψαβ ψβα

− 64ψαα − 64ψββ − 64ψγγ + 240λ23 ),
− 128ψβα − 512λ3 + 128ψαα λ3 + 128ψββ λ3 + 128ψγγ λ3 − 160λ33 ),
+ 64ψαα ψββ − 64ψαγ ψγα − 64ψβγ ψγβ − 256ψγγ + 64ψαα ψγγ

+ 64ψββ ψγγ − 192ψαβ λ3 + 192ψβα λ3 + 384λ23 − 96ψαα λ23 − 96ψββ λ23 − 96ψγγ λ23 + 60λ43 ),
a5 =

1
64 (−128ψβγ ψγα

+ 128ψαγ ψγβ − 128ψαβ ψγγ + 128ψβα ψγγ + 64ψαβ ψβα λ3

− 64ψαα ψββ λ3 + 64ψαγ ψγα λ3 + 64ψβγ ψγβ λ3 + 256ψγγ λ3 − 64ψαα ψγγ λ3 − 64ψββ ψγγ λ3
+ 96ψαβ λ23 − 96ψβα λ23 − 128λ33 + 32ψαα λ33 + 32ψββ λ33 + 32ψγγ λ33 − 12λ53 ),
a6 =

1
64 (64ψαγ ψββ ψγα

− 64ψαβ ψβγ ψγα − 64ψαγ ψβα ψγβ + 64ψαα ψβγ ψγβ + 64ψαβ ψβα ψγγ

− 64ψαα ψββ ψγγ + 64ψβγ ψγα λ3 − 64ψαγ ψγβ λ3 + 64ψαβ ψγγ λ3 − 64ψβα ψγγ λ3
− 16ψαβ ψβα λ23 + 16ψαα ψββ λ23 − 16ψαγ ψγα λ23 − 16ψβγ ψγβ λ23 − 64ψγγ λ23 + 16ψαα ψγγ λ23
+ 16ψββ ψγγ λ23 − 16ψαβ λ33 + 16ψβα λ33 + 16λ43 − 4ψαα λ43 − 4ψββ λ43 − 4ψγγ λ43 + λ63 ).
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(a)

(b)

(c)

Figure 15. Stability regions (a): Characteristic root (λ4 ) verses triaxiality parameter (λ1 ), (b): Characteristic root (λ4 )
verses triaxiality parameter (λ2 ), (c): Characteristic root (λ4 ) verses variation constant (λ3 ).

Table 3. Coordinates of Collinear and Non-collinear equilibrium points when the primaries are triaxial rigid body with
equal mass (λ2 = 0.25).
λ1
0.05

Equilibrium Points
(-0.110557, 0)
(0.444717, 0)

Corresponding characteristic roots
(-5.05844, -4.16194, 0.1 - 11.6047 I, 0.1 + 11.6047 I, 4.36194, 5.25844)
(-1.69845, 0.1 - 1.78896 I, 0.1 + 1.78896 I, 0.1 - 1.4272 I, 0.1 + 1.4272 I, 1.89845)

0.10

(-0.111210, 0)
(0.450360, 0)

(-7.33148, -6.76107, 0.1 - 16.4698 I, 0.1 + 16.4698 I, 6.96107, 7.53148)
(-1.76407, 0.1 - 1.76572 I, 0.1 + 1.76572 I, 0.1 - 1.54554 I, 0.1 + 1.54554 I, 1.96407)

0.15

(-0.112202, 0)
(0.455742, 0)
(0.220206, 0.089374)
(0.220206, -0.089374)

(-8.89609, -8.44743, 0.1 - 19.8473 I, 0.1 + 19.8473 I, 8.64743, 9.09609)
(-1.81689, 0.1 - 1.63792 I, 0.1 + 1.63792 I, 0.1 - 1.74612 I, 0.1 + 1.74612 I, 2.01689)
(-8.76827, 0.1 - 7.51628 I, 0.1 + 7.51628 I, 0.1 - 5.12496 I, 0.1 + 5.12496 I, 8.96827)
(-8.76827, 0.1 - 7.51628 I, 0.1 + 7.51628 I, 0.1 - 5.12496 I, 0.1 + 5.12496 I, 8.96827)

0.20

(-0.113270, 0)
(0.460906, 0)
(0.190086, 0.130063)
(0.190086, -0.130063)

(-10.097, -9.71718, 0.1 - 22.4477 I, 0.1 + 22.4477 I, 9.91718, 10.297)
(-1.86109, 0.1 - 1.71321 I, 0.1 + 1.71321 I, 0.1 - 1.72937 I, 0.1 + 1.72937 I, 2.06109)
(-3.83751, 0.1 - 2.11375 I, 0.1 + 2.11375 I, 0.1 - 4.28157 I, 0.1 + 4.28157 I, 4.03751)
(-3.83751, 0.1 - 2.11375 I, 0.1 + 2.11375 I, 0.1 - 4.28157 I, 0.1 + 4.28157 I, 4.03751)

0.30

(-0.115477, 0)
(0.470703, 0)
(0.169659, 0.127267)
(0.169659, -0.127267)

(-11.8601, -11.5596, 0.1 - 26.273 I, 0.1 + 26.273 I, 11.7596, 12.0601)
(-1.93243, 0.1 - 1.83066 I, 0.1 + 1.83066 I, 0.1 - 1.70232 I, 0.1 + 1.70232 I, 2.13243)
(-5.01066, -1.72628, 0.1 - 6.58664 I, 0.1 + 6.58664 I, 1.92628, 5.21066)
(-5.01066, -1.72628, 0.1 - 6.58664 I, 0.1 + 6.58664 I, 1.92628, 5.21066)

The characteristic roots of the Equation (13) have been calculated at various values of the triaxiality
parameters and given in the Tables 3 and 4. We observed from the tables that we have at least one
positive real root (dark black in the tables) corresponding to each equilibrium points. And also from
the Figures 15 (a, b, c), we found that there are no bounded regions. Therefore, all the equilibrium
points are unstable.

5.

Conclusion

In the present paper, we have studied the circular restricted four-body problem with triaxial primaries having equal masses and the infinitesimal variable mass. Primaries are placed at the vertices
of an equilateral triangle in the Lagrangian configuration and are moving around their common cen-
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Table 4. Coordinates of Collinear and Non-collinear equilibrium points when the primaries are triaxial rigid body with
equal mass (λ1 = 0.25).
λ2
0.05

Equilibrium Points
(-0.100716, 0)
(0.425624, 0)
(0.133097, 0.102523)
(0.133097, -0.102523)

Corresponding Characteristic roots
(-15.3998, -15.2552, 0.1 - 34.0191 I, 0.1 + 34.0191 I, 15.4552, 15.5998)
(-1.78429, 0.1 - 1.44686 I, 0.1 + 1.44686 I, 0.1 - 1.90558 I, 0.1 + 1.90558 I, 1.98429)
(-6.90196, -5.16973, 0.1 - 10.3371 I, 0.1 + 10.3371 I, 5.36973, 7.10196)
(-6.90196, -5.16973, 0.1 - 10.3371 I, 0.1 + 10.3371 I, 5.36973, 7.10196)

0.10

(-0.104147, 0)
(0.436244, 0)
(0.142178, 0.109269)
(0.142178, - 0.109269)

(-14.1231, -13.9193, 0.1 - 31.2295 I, 0.1 + 31.2295 I, 14.1193, 14.3231)
(-1.81407, 0.1 - 1.86281 I, 0.1 + 1.86281 I, 0.1 - 1.53107 I, 0.1 + 1.53107 I, 2.01407)
(-6.19576, -4.0474, 0.1 - 8.95977 I, 0.1 + 8.95977 I, 4.2474, 6.39576)
(-4.0474, -2.67721, -0.441126, 1.75917 - 6.88451 I, 1.75917 + 6.88451 I, 4.2474)

0.15

(-0.107567, 0)
(0.446443, 0)
(0.152138, 0.116128)
(0.152138, -0.116128)

(-12.987, -12.7328, 0.1 - 28.747 I, 0.1 + 28.747 I, 12.9328, 13.187)
(-1.84308, 0.1 - 1.60132 I, 0.1 + 1.60132 I, 0.1 - 1.8282 I, 0.1 + 1.8282 I, 2.04308)
(-5.54914, -2.9811, 0.1 - 7.72224 I, 0.1 + 7.72224 I, 3.1811, 5.74914)
(-5.54914, -2.9811, 0.1 - 7.72224 I, 0.1 + 7.72224 I, 3.1811, 5.74914)

0.20

(-0.113270, 0)
(0.456303, 0)
(0.163245, 0.122934)
(0.163245, -0.122934)

(-11.9594, -11.672, 0.1 - 26.5176 I, 0.1 + 26.5176 I, 11.872, 12.1594)
(-1.8714, 0.1 - 1.66174 I, 0.1 + 1.66174 I, 0.1 - 1.79985 I, 0.1 + 1.79985 I, 2.0714)
(-4.96438, -1.87094, 0.1 - 6.60592 I, 0.1 + 6.60592 I, 2.07094, 5.16438)
(-4.96438, -1.87094, 0.1 - 6.60592 I, 0.1 + 6.60592 I, 2.07094, 5.16438)

0.30

(-0.117740, 0)
(0.475232, 0)
(0.190899, 0.134455)
(0.190899, -0.134455)

(-10.2454, -9.87998, 0.1 - 22.756 I, 0.1 + 22.756 I, 10.08, 10.4454)
(-1.92623, 0.1 - 1.76256 I, 0.1 + 1.76256 I, 0.1 - 1.75697 I, 0.1 + 1.75697 I, 2.12623)
(-4.04458, 0.1 - 1.87445 I, 0.1 + 1.87445 I, 0.1 - 4.6799 I, 0.1 + 4.6799 I, 4.24458)
(-4.04458, 0.1 - 1.87445 I, 0.1 + 1.87445 I, 0.1 - 4.6799 I, 0.1 + 4.6799 I, 4.24458)

ter of mass which is taken as origin. We have derived the equations of motion which are different
from the classical case by the triaxiality parameters (λ1 , λ2 ) and the variation of mass parameter
(λ3 ). Using these equations of motion, we have determined the Jacobi-integral. We have plotted
equilibrium points in different planes (in-plane and out-of-plane) for the variation of the triaxial
parameters and found at most eleven equilibrium points. In the next section, we have illustrated
the zero-velocity curves for the different Jacobi-integral constant corresponding to the equilibrium
points and observed that as decreases the value of Jacobian constant the forbidden region decreases
and also in the surfaces section, we have plotted the zero-velocity surfaces for different Jacobian
constant corresponding to the equilibrium points and observed that the motion of possible region
is only inside the shaded region. In the surfaces of motion of infinitesimal body, we got the shapes
as two connecting balloons (left one is big and right one is small) where the motion is possible.
The Newton-Raphson basins of attraction have been studied in all five cases (λ1 =
0.05, 0.1, 0.15, 0.2, 0.3, λ2 = 0.25) and got that as increases the value of λ1 , the configuration is
expanding. These points will be clearly visible in the zoomed part of all the Figures near the lagrangian configuration. Finally, we have examined the stability of the equilibrium points in the
circular restricted four-body problem for the values of the triaxiality parameters and variation of
mass parameter using Meshcherskii space time inverse transformation and observed that all the
equilibrium points are unstable.
We also observed that the triaxiality parameters have great impact on the motion of the infinitesimal
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variable body. The corresponding results of this study are applicable in Sun-Jupiter-AsteroidsSpacecraft system.
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